In this paper, the symmetric positive semidefinite Procrustes problem is considered. By using matrix inner product and matrix decomposition theory, an explicit expression of the solution is given. Based on the explicit expression given in this paper, it is easy to derive the explicit expression of the solution given by Woodgate [K.G. Woodgate. Least-squares solution of F = P G over positive semidefinite symmetric P . Linear Algebra Appl., 245:171-190, 1996.] and by Liao [A.P. Liao. On the least squares problem of a matrix equation. J. Comput. Math., 17:589-594, 1999.] for the Procrustes problem in some special cases. The explicit expression given in this paper also shows that the solution of the special inverse eigenvalue problem considered by Zhang [L. Zhang. A class of inverse eigenvalue problem for symmetric nonnegative definite matrices. J. Hunan Educational Inst., 2: 11-17, 1995 (in Chinese).] can be computed exactly. Examples to illustrate the correctness of the theory results are given.
1. Introduction. The symmetric positive semidefinite Procrustes problem:
(1.1) min P ∈S n F − P G , where F, G ∈ R n×m is often appeared in many fields such as structural analysis [4] , system parameter identification [7] , nonlinear programming [12] , signal processing [8] and so on.
Procrustes problem (1.1) was first formulated and studied by Allwright [3] . A necessary and sufficient condition for the existence of the minimizer P in (1.1) was given in [12] , where the exact global solutions of the Procrustes problem (1.1) are denoted throughout by P . The most obvious approach to solve Procrustes problem (1.1) is to write P = B T B and minimize over B ∈ R n×n . However, as discussed in [11] , such a minimization is nonconvex in B, and so Procrustes problem (1.1) arise in obtaining a global solution only by using numerical approximation method. How to exactly compute P or, in other words, how to obtain the explicit expression of P is an open problem. Woodgate in [12] given the explicit expression of the solution P for the two special cases, i.e., the case (a): P = F G + if rank(G) = n and G T F ∈ S m ; and the case (b): P = 0 iff rank(G) = n and −F G T − GF T ∈ S m . When rank(G) < n and assume that the singular value decomposition of the matrix G is
. . , σ r ) 0, r = rank(G). Then, Liao in [7] given the explicit expression of the solution P , under the conditions S 0 and rank( S) = rank([ S P 12 ]), as
where B ∈ S n−r is arbitrary,
The authors of the latest literature [5] to consider Procrustes problem (1.1) point out that there is no general procedure for exactly computing the solution P of Procrustes problem (1.1), and so present a semi-analytical approach for the positive semidefinite Procrustes problem (1.1).
Some special cases of Procrustes problem (1.1) have also been studied. For example, a necessary and sufficient condition for solvability and the expression of the solution of the inverse eigenvalue problem
were given for S = R n×n and S = S n in [9, 10] . The special inverse eigenvalue problem (1.4) min P ∈S GΛ − P G , where G ∈ R n×m and Λ = diag(λ 1 , λ 2 , . . . , λ m ) 0 was studied in [13] by using dual cone theory. However, the author in [13] point out that there is no general procedure for exactly computing the solution of the problem (1.4).
In this paper, we continue study the symmetric positive semidefinite Procrustes problem (1.1). By only using matrix inner product and matrix decomposition theory, the explicit expression of the solutions is derived. Based on the explicit expression given in this paper, it is easy to derive the explicit expression of the solutions, which was given in [7, 12] , for the symmetric positive semidefinite Procrustes problem (1.1) in some special cases. The explicit expression given in this paper also show that the solution of the problem (1.4) can be computed exactly.
Throughout this paper, R m×n , S n , S n and O n×n denote the set of all m×n real matrices, n×n symmetric matrices, n×n symmetric positive semidefinite matrices and n×n orthogonal matrices, respectively. A T , A + and A denote the transpose, Moore-Penrose generalized inverse and the Frobenius norm of the matrix A, respectively. A + denotes a matrix with ijth entry equals to max{0, A ij }; here A ij denotes the ijth entry of the matrix A. The notation A B means that A − B is a symmetric positive semidefinite matrix and A B means that A − B is a symmetric positive definite matrix. A * B denotes the Hadamard product defined as A * B = (A ij B ij ). A, B denotes the inner product in matrix space R m×n defined as
Obviously, R m×n is a Hilbert inner product space and the norm of a matrix generated by this inner product space is the Frobenius norm.
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whereP 11 is the unique solution of the symmetric positive semidefinite Procrustes problem
Why do Woodgate in [12] and Liao in [7] only give the explicit expression of the solution of the Procrustes problem (1.1) in some special cases? Why does the author in [13] point out that there is no general procedure for exactly computing the solution of the problem (1.4)? The mainly reason is that they can not give the explicit expression of the solution of the Procrustes problem (2.1) or (2.6).
In this section, we use matrix inner product and matrix decomposition theory to derive the explicit expression of the solution of the Procrustes problem (2.6), and hence, to derive the explicit expression of the solution of the symmetric positive semidefinite Procrustes problem (1.1). We first introduce to the readers the following Lemmas 2.3-2.5 which are useful to prove the theoretical results in the next content. Lemma 2.4. ( [7] ) Assume that the real numbers σ 1 , σ 2 , . . . , σ n are all positive, and Φ = (ϕ ij ) ∈ R n×n , ϕ ij = 1
. Then, Φ 0. 
If, in addition, B ∈ S n and A has no diagonal entry equal to 0, then A * B ∈ S n .
By using matrix inner product theory, we have following Lemma 2.6 and Lemma 2.7.
Proof. If AD, BD = 0 for all B ∈ S n , then
Firstly, let B = e i e T i , where e i (i = 1, 2, . . . , n) denotes the ith column of the n × n identity matrix, we have A ii d 2 i = 0, i.e., A ii = 0 (i = 1, 2, . . . , n). Then, let B = (e i + e j )(e i + e j ) T . We have by (2.7) and
Hence, AD, BD = 0 holds for all B ∈ S n .
Lemma 2.7. Assume that F ∈ R n×n and D = diag(d 1 , d 2 , . . . , d n ) 0. Then there exists the unique
Furthermore, F 1 and F 0 can expressed as
Proof. Existence. By direct computing, we know that
. Hence, we have by Lemma 2.6 that F 1 and F 0 given in (2.9) satisfy the conditions (2.8).
Uniqueness. Assume that there also exist 
Lemma 2.7 implies that any matrix F ∈ R n×n can be decomposed into the direct sum of the symmetric matrix set and a special structure matrix set uniquely. In other words, the following Lemma 2.8 holds.
By using Lemma 2.7, it is easy to derive the explicit expression of the symmetric Procrustes problem. This conclusion can be summarized as the following Lemma 2.9 in which the unique symmetric solution is also given by Adhikari and Alam [1] with the different methodologies. Lemma 2.9. Assume that F ∈ R n×n and D = diag(d 1 , d 2 , . . . , d n ) 0. Then the symmetric Procrustes problem
is equivalent to the symmetric Procrustes problem
. . , n). Furthermore, X = F 1 is the unique solution of the symmetric Procrustes problem (2.10).
Proof. By Lemma 2.7, there exists the unique
Hence, we have by (2.12) and Lemma 2.6 that
holds for all X ∈ S n . So, we have
Obviously, X = F 1 is the unique solution of the symmetric Procrustes problem (2.11), and so it is the unique solution of the symmetric Procrustes problem (2.10). In order to solve the symmetric positive semidefinite Procrustes problem (1.1), it is necessary introduce to the readers the following Lemma 2.10 and Lemma 2.11. Lemma 2.10. Assume that F ∈ S n . Then there exists the unique F 1 , F 2 ∈ S n such that
Furthermore, if the spectral decompositions of the matrix F is
Proof. Existence. Obviously, F 1 and F 2 given in (2.15) satisfy the conditions (2.13).
Uniqueness. Assume that there also exist E 1 , E 2 ∈ S n such that
Lemma 2.11. Assume that F ∈ R n×n and D = diag(d 1 , d 2 , . . . , d n ) 0, and assume that the spectral decompositions of the matrix Ψ *
where W ∈ O n×n , Ψ = (ψ ij ) ∈ R n×n and ψ ij = 1 d 2 i +d 2 j (i, j = 1, 2, . . . , n). Then the following symmetric positive semidefinite Procrustes problem 
, we have by Lemma 2.9 that the symmetric positive semidefinite Procrustes problem (2.17) is equivalent to the symmetric positive semidefinite Procrustes problem
By Lemma 2.10, there exists the uniquē
Hence, we have
holds for all X ∈ S n . From (2.20) and noting that D is a positive definite diagonal matrix, we know that X =F 1 is the unique solution of the symmetric positive semidefinite Procrustes problem (2.19 ). Hence, the symmetric positive semidefinite Procrustes problem (2.17) has the unique solution X which can be expression as (2.18).
For the symmetric positive semidefinite Procrustes problem (1.1), we have the following Theorem 2.12.
Theorem 2.12. Assume that the singular value decomposition of the matrix G is given by (1.2), and assume that the spectral decompositions of the matrix S = Φ * (U T = 1, 2, . . . , r) .
Then the symmetric positive semidefinite Procrustes problem (1.1) has a solution if and only if (2.23) rank( P 11 ) = rank([ P 11 P 12 ]).
where
Furthermore, if the symmetric positive semidefinite Procrustes problem (1.1) has a solution, then the explicit expression of the solution is
where P 22 ∈ S n is arbitrary.
Proof. Using the invariance of the Frobenius norm under orthogonal transformations, we have
Let U T P U = P 11 P 12 P T 12 P 22 , P 11 ∈ R r×r , P 22 ∈ R (n−r)×(n−r) .
Then, we have
So, the symmetric positive semidefinite Procrustes problem (1.1) is equivalent to min P 11 ∈ S r , P 12 ∈ R r×(n−r) , rank(P 11 ) = rank([P 11 P 12 ]) 
and rank( P 11 ) = rank([ P 11 P 12 ]).
It follows from Lemma 2.11 that P 11 is unique and can be expressed as (2.22 Remark 2.13. If rank(G) = n, then P = U P 11 U T . Also, if G T F ∈ S m , then
In addition, it follows from the proof of Lemma 2.9 and the condition G T F ∈ S m that
If −F G T − GF T ∈ S m , then, by Lemma 2.4 and Lemma 2.5, S = Φ * (U T (F G T + GF T )U ) ∈ −S n . Hence, P 11 = 0, and so P = 0. These results implies that Theorem 2.12 is a generalization of the results given in [12] .
Remark 2.14. If rank(G) < n and S = Φ * (U T 1 F V 1 Σ+ΣV T 1 F T U 1 ) 0, then P 11 = S. Hence, Theorem 2.12 is a generalization of the Theorem 3.2 in [7] .
Remark 2.15. Theorem 2.12 implies that the explicit expression of the solution P of the special inverse eigenvalue problem considered in [13] can be computed exactly. This illustrates that the open problems point out in [13] and in [5] can be solved.
Algorithm and numerical examples.
According to discussion in section 2, we can give an algorithm to solve the symmetric positive semidefinite Procrustes problem (1.1) as following steps:
Step 1. Input matrices F, G ∈ R n×m .
Step 2. According to (1.2) decomposing the matrix G.
Step 3. According to (2.21) decomposing the matrix S = Φ * (U T 1 F V 1 Σ + ΣV T 1 F T U 1 ).
Step 4. According to (2.22) computing P 11 .
Step 5.
Step 6. If rank( P 11 ) = rank([ P 11 P 12 ]), then the symmetric positive semidefinite Procrustes problem (1.1) has a solution. Otherwise, the symmetric positive semidefinite Procrustes problem (1.1) has no solution.
Step 7. According to (2.24) computing P , where P 22 ∈ S r is chosen as arbitrary.
In the following number examples, P 22 (1f it is necessary) is chosen as zero matrix. 
Given matrices F and G satisfy rank(G) = 6 and G T F 0. According to the result given in [12] , F G + is the unique solution of the symmetric positive semidefinite Procrustes problem (1.1). Applying our algorithm, we also get 
Given matrices F and G satisfy rank(G) = 6 and −F G T − GF T 0. According to the result given in [12] , the unique solution P of the symmetric positive semidefinite Procrustes problem (1.1) is a zero matrix. Applying our algorithm, we also get P = 0. According to the result given in [7] , P 11 in (2.24) should be equal to S. Applying our algorithm, we also get 
